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Technical beginnings: Equivariant Minimal Surfaces

Let CH"” be n-dimensional complex hyperbolic space considered as
pC™! equipped with

n
(v,v) = E ViVi — Vpt1Vpt1.
i=1

PU(n,1) is the group of orientation preserving isometries of CH".



Technical beginnings: Equivariant Minimal Surfaces

Let f : CH! — CH" be a minimum immersion,

c:mX — PU(1,1) be a Fuchsian representation,
and p: mX — PU(n,1) be an indecomposable representation,
such that f intertwines the actions of ¢ and p:

PU(1,1) ~~~~s CH!

Definition
An equivariant minimal surfaces in CH" is an equivalence class
[f. c.p]



Technical beginnings: Equivariant Minimal Surfaces

Let M be the moduli space of CH" equivariant minimal surfaces:
M = {[f’ <, P]}
Corlette proved we have an injective map:

M = Ty x R(m X, PU(n, 1))
[f, ¢, p] = ([c], [o])

where T, denotes Teichmiiller space and R(m1 X, PU(n,1)) is the
character variety



What you need to know: Equivariant Minimal Surfaces

We want to know all the different ways a complex line can be
embedded in n-dimensional complex hyperbolic space while
minimising its area.

PU(1,1) ~~~~s CH!



The useful bit from the 80s: Non-Abelian Hodge Theory
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Another scary technical slide: Harmonic Sequence

Let L be take the tautological line subbundle of the C™! trivial
bundle over CH" with canonical flat connection V'.

f=1fh:X — CH" pulls L back to a holomorphic line subbundle ¢y
of the trivial bundle ¥ x C™! with a flat hermitian connection V.
Define

Ao : by — lg ® T1oX

og — ﬂé‘Vz(Uo),

(1)

Similarly, let

Ao by — EOL & TS‘JZ

oo — W()lvj(oo).

(2)

Provided Ag # 0 # A, they define unique complex line bundles ¢;
and ¢_; corresponding to functions fi,f_1 : ¥ — PC™!,



Everything works: Harmonic Sequence

Lemma
If fy is harmonic, then so are f; and f_1.

Inductively, we continue to define maps A; and A; and successively
build up harmonic maps {f; : £ — PC™!}.

Definition
Let | = {i € Z|f; is well defined}, then we call {f;};c; a harmonic
sequence and {/;};c; form the corresponding bundle sequence.



Some (not-well) hidden Linear algebra: Harmonic Sequence

Definition
If the image of fy does not lie in a totally geodesic copy of CH for
some k < n, we call fy linearly full.

If all elements of the bundle sequence are mutually orthogonal and
fo is linearly full then the sequence is finite and called
superminimal.

0 = lpp — ... > lg —lyg—>ty — ...— L1, —0



Winding back: Non-Abelian Hodge Theory
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Some more long definitions: Higgs bundles

Definition

A G-Higgs bundle over a closed Riemann surface X is a pair

(E, ®) where E — X is a holomorphic principal bundle with a H®
structure for H a maximal compact subgroup of G, and

®: E — E® K is a Higgs field, where K is the canonical bundle.

Here we have G = PU(n, 1) so (E, ®) orthogonally split

E =V & L where L is a holomorphic line bundle and V a rank n
holomorphic bundle while ® = (¢1, ¢2) where

#1 € H(X,Hom(L, V) ® K) and ¢» € H%(X,Hom(V, L) ® K)



More understandably: Higgs bundle

A vector bundle attaches a vector space to each point of the
space.

The Higgs bundles we care about here are vector bundles which
consist of a line orthogonal to a (nice) n-dimensional space and a
map which lets you twist them nicely.

Normal

Manifold



The useful bit of Higgs bundles

There is a C* action on M yjggs given by

C* x MHiggs — MHiggs
(z,[(E, ®)]) = [(E, z®)].

The critical submanifolds of this correspond to Hodge bundles
which have further splitting:

E=V,ola W, S = (41, ¢2)

and
1 2 ¢1
VoKt —— | — Vi1 QK.



Higgs bundles and Morse theory

Lemma

Every Higgs bundle (V @& 1, ®) corresponding to [f, c, p] can be
written as an extension of a Hodge bundle (Vi &1 & Va, d') and
lies in that Hodge bundle’s unstable manifold.

Instead of considering Higgs bundles, we just need to consider
Hodge bundles and an extension [a] € HY(Z, Hom(V2, V1)).



Winding back: Non-Abelian Hodge Theory
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Higgs bundles and Harmonic Sequences

Lemma

The harmonic sequence corresponding to an equivariant minimal
surface [f, c, p| is superminimal if and only if the PU(n, 1)-Higgs
bundle (E,®) corresponding to [f,c, p] is a Hodge bundle.

So (Vi ® L@ Vo, (b1, p2)) corresponds to

Oﬂﬁp_n%...ﬂg_lgeoﬂ)&%...%ﬁpﬂo



Classifying Hodge

Superminimal Harmonic Sequences are classified by (o, 1) and
we cam show that g is fixed for a given submanifold so:

T A



Classifying Hodge

Superminimal Harmonic Sequences are classified by (o, 1) and
we cam show that g is fixed for a given submanifold so:

nono.



Extensions: Isotropy Order

.%Ep_n%...*)g_lggogflﬁ...%Ep*)...

The isotropy order of a harmonic sequence is the maximum
number of consecutive ¢; which are orthogonal.

The isotropy order of a Higgs bundle is the isotropy order of its
harmonic sequence.



Extensions: Isotropy Order

Higgs bundles of every possible isotropy order exist and we can
determine the isotropy order from the extension 3:



Extensions: Isotropy Order

Higgs bundles of every possible isotropy order exist and we can
determine the isotropy order from the extension 3:

$2151P1100 = 2201200
$215501200 = 220161100
$2203P1200 = D201100



Extensions: Isotropy Order

Higgs bundles of every possible isotropy order exist and we can
determine the isotropy order from the extension 3:




Thank you



